
Extreme Mechanics Letters 25 (2018) 37–44

Contents lists available at ScienceDirect

Extreme Mechanics Letters

journal homepage: www.elsevier.com/locate/eml

A viscoelastic beam theory of polymer jets with application to rotary
jet spinning
Qihan Liu, Kevin Kit Parker ∗

Disease Biophysics Group, Wyss Institute for Biologically Inspired Engineering, John A. Paulson School of Engineering and Applied Science, Harvard
University, Cambridge, MA 02138, United States

a r t i c l e i n f o

Article history:
Received 8 August 2018
Received in revised form 15 October 2018
Accepted 15 October 2018
Available online 30 October 2018

Keywords:
Viscoelasticity
Beam
Oldroyd-B
Polymer jet
Centrifugal force
Rotary jet spinning

a b s t r a c t

Complex deformation of a polymer jet appears in many manufacturing processes, such as 3D printing,
electrospinning, blow spinning, and rotary jet spinning. In these applications, a polymer melt or solution
is first extruded through an orifice and forms a jet. The polymer jet is then dynamically deformed until the
polymer solidifies. The final product is strongly affected by the deformation of the polymer jet. And the
deformation is strongly affected by the viscoelasticity of the polymer. Here we develop a beam theory
to incorporate both the nonlinear viscoelasticity and the bending/twisting stiffness of a polymer jet.
As a demonstration, we study the formation of a polymer fiber under strong centrifugal force, a fiber
manufacturing process known as rotary jet spinning.

Published by Elsevier Ltd.

1. Introduction

Extruding polymer melt and solution through an orifice forms
a polymer jet. Polymer jets are involved in many manufacturing
processes, such as plastic extrusion [1], conventional dry/wet/melt
spinning [2,3], 3D printing [4], electrospinning [5,6], blow spin-
ning [7,8], and rotary jet spinning [9–14]. In many applications,
the polymer jet undergoes complex deformation before it solid-
ifies. For example, in 3D printing, the coiling of the polymer jet
is harnessed to print complex patterns [15]. In electrospinning,
the charged jet undergoes chaotic whipping motion which elon-
gates the jet into a nanofiber [16]. In blow spinning, the polymer
jet flaps in the high speed airflow during elongation [17,18]. In
rotary jet spinning, the polymer jet is elongated by centrifugal
force where bending is induced by Coriolis force and air-drag [9,
19]. In these applications, the deformation history of the polymer
jet determines the geometry and the microstructure of the final
product. Understanding how the processing parameters affect the
deformation of the polymer jet is crucial to the development of
the manufacturing processes. The search for such understanding
motivates the modeling of polymer jets.

In the existing literature, a polymer jet is often modeled as
a thin string with no bending stiffness or twisting stiffness. The
string model is popular for its mathematical simplicity [17,19–
27]. However, neglecting bending and twisting fail the modeling
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in certain applications. For example, in 3D printing, a polymer jet
must be under compression to coil. A string model is impossible
to predict coiling under compression [28,29]. Such coiling is also
observed in electrospinning near the collector [30]. As another
example, during rotatory jet spinning, the polymer jet may be
acutely bended near the orifice. The string model is known to
diverge in this case [31–34]. For these applications, a polymer jet
must be modeled as a beam with finite stiffness towards bending
and twisting to correctly predict the deformation. However, since
the beam models are mathematically more demanding than the
stringmodels, existing beammodels are limited to simplematerial
behaviors, such as linear viscosity [32,35,36], linear elasticity [37,
38], nonlinear elasticity [39–41], or linear viscoelasticity [42–44]. A
beam theory of more complex material behavior such as nonlinear
viscoelasticity remains lacking. On the other hand, nonlinear vis-
coelasticity is often prominent for polymer jets, which are polymer
solution or polymer melts undergoing large deformation. As a
result, manufacturing processes like 3D printing and rotary jet
spinning cannot be accurately modeled in lack of a beam model
of nonlinearly viscoelastic material.

In this paper, we develop a beam theory that incorporates
nonlinear viscoelasticity. Following the classical Euler–Bernoulli
beam theory [45], we assume that a flat cross-section normal to
the centerline to remain flat and normal, and approximate the
deformation field to the first order of the thickness of the jet. In
addition, we enforce the material incompressibility to the first
order. The kinematics of finite deformation is derived following
these assumptions. The kinematics is combined with a common
nonlinear viscoelastic material model, the Oldroyd-B model [46,
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47], to derive the constitutive equations of a nonlinear viscoelastic
beam. As a demonstration, the beam model is used to study the
viscoelastic relaxation in rotary jet spinning [9,10].

The paper is organized as follows. Section 2 defines a local
coordinate system that follows the movement of the jet. Section
3 derives the expression of the deformation field in the local
coordinate system. Section 4 introduces the nonlinear viscoelastic
model, Oldroyd-B model. The constitutive relation of a beam of
Oldroyd-B material is derived. Section 5 derives the conservation
laws of the beam model. Sections 3–5 completes the beam model.
Section 6 introduces the rotary jet spinning platform. The model
derived in previous sections is applied to study the viscoelastic
relaxation in rotary jet spinning.

2. Local coordinate system of a polymer jet

A polymer jet is formed by extruding polymer solution, or
polymer melt, through an orifice. We may choose an arbitrary
spatial point in the orifice and mark all the material that passes
through this point. The marked material forms a line that moves
with the jet. We call this line the centerline of the jet, Fig. 1. Here
we have not specified the exact spatial point in the orifice to define
the centerline. The choice of centerline will be discussed later.

We define the lab frame of reference as a Cartesian coordinate
system fixed in the lab space. We identify the spatial location of a
material point on the centerline in the lab frame as r (s), Fig. 1A.
Here s is the arc length of the centerline from the orifice. We have
adopted the Eulerian description on the centerline, which means
that s is always the current arc length and the same s generally
corresponds to differentmaterials points at different time. The unit
tangent vector of the centerline is defined by

t =
∂r
∂s

. (2.1)

Consider a material surface tangent to the centerline at the orifice,
denote its unit normal vector as n. As the jet extrudes and deforms,
thematerial surfacemoves and deforms, but n remains perpendic-
ular to the centerline and marks the orientation of the jet, Fig. 1A.
We further define b = t × n. Vectors t,n, b form an orthogonal
bases. The bases t,n, b rotate along the centerline. This rotation is
characterized by the curvature vector κ, with the definition

κ × l =
∂l
∂s

. (2.2)

Here l is any one of t,n, b. For each point on the centerline, n
and b defines a cross-section of the jet, Fig. 1A. Any material point
on the cross-section can be represented by an offset vector h =

hnn + hbb. The triplet (s, hn, hb) are the coordinates in the local
frame of reference.

Viewing from the lab frame, the local framemoves with the jet.
The velocity of a material point on the centerline is defined as

v =
Dr
Dt

. (2.3)

Here D/Dt means the time derivative following the same material
point. The bases t,n, b fixed on a material point also rotate in
time. This rotation is characterized by the angular velocity vector
ω, defined by

ω × l =
Dl
Dt

. (2.4)

Here l is any one of t,n, b.
t and v, or κ and ω are kinematically related quantities. The

differential equations describing the connections are derived in
supplementary materials Section 1.

3. Deformation of a polymer jet

3.1. Reference state

The deformation of a material point is defined relative to a
reference state. We identify the reference state of each material
point as the state when the material point passes the orifice. The
reference state reflects the loading history of a material point
before the jet exits the orifice. Two material points in the jet may
have different reference state, depending on the time and location
that thematerial point passed through the orifice and the boundary
condition at the orifice. Once the reference state is determined, we
define the deformation gradient F as the linear map of material
vectors from the reference state to the current state following the
common practice in continuummechanics [48].

3.2. Kinematic assumptions

A polymer jet is a 3D body. The accurate kinematics of the jet
involves a 3D deformation field. A beam theory approximates the
3D deformation field with an asymptotic expansion around a 1D
curve, the centerline. Here we expand the deformation gradient, F,
around the centerline of the jet as a power series with respect to
the offset vector from the centerline, h = hnn+hbb. We determine
the expansion by the following three assumptions:

1. Deformation gradient is approximated to the first order in
h;

2. The cross-section normal and flat to the centerline remains
normal and flat; and

3. The deformation in the n, b plane is isotropic.

Assumption 1 implies a first order asymptotic theory.We use O (h)
to represent any term that is first order in h, and o (h) to represent
any term that is higher order in h. The theory is valid when h is
small (i.e. the jet is thin) by some dimensionless criteria. As we
will later identify, there are two criteria for a jet to be considered
thin. The first requires the jet to be weakly bended or twisted
|κ × h| ≪ 1. The second requires the stretch of the jet to be
relatively homogeneous, ∂λ/∂s |h| ≪ 1,where λ is the stretch
of the material on the centerline relative to the reference state.
The second criterion is required only when the deformation of the
beam is dominated by twisting. Assumption 2 follows the classical
Euler–Bernoulli beam theory. It approximate the rotation of a ma-
terial cross-section by the rotation at the centerline. Assumption 3
specifies the in-plane deformation on the cross-section. Under
common processing condition, the polymer jet can be treated as
incompressible [49]. As we will later show, when the material
incompressibility is enforced, the three assumptions completely
determine the deformation gradient anywhere in the jet.

It is easier to workwith the deformation gradient in themoving
local frame than in the fixed lab frame. Introduce the decomposi-
tion

F = RF∗. (3.1)

Here F is the deformation gradient in the lab frame, F∗ is the
deformation gradient in the local frame. R is the rotation of the
local frame relative to the lab frame. For the deformation gradient
in the local frame, introduce the decomposition

F∗ (s, hn, hb, t) = H (s, hn, hb, t) F∗ (s, 0, 0, t) . (3.2)

Here F∗ (s, 0, 0, t) is the deformation gradient on the centerline.
We call H the deformation gradient relative to the centerline. For
the simplicity of notation, we use the following shorthand notation
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Fig. 1. A. The geometry of the jet is described by the centerline (red) which consists of all the material points that flow out from a fixed spatial point of the orifice. Consider
a material surface tangent to the centerline (red). The normal vector of this material surface nmarks the orientation of the jet. Together, the tangent vector of the centerline
t, the normal vector n, and the vector b = t × n, define the local frame of reference for the jet. The relative offset between the moving local frame and the fixed lab frame is
r(s), where s is the distance along the centerline from the orifice. B. the bending of the jet causes material lines to be compressed/stretched relative to the centerline. C. The
twisting of the jet causes material lines to tilt relative to the centerline. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

F∗ (h) := F∗ (s, hn, hb, t). Following the three assumptions, F∗ (0)
must take the form

F∗ (0) =

⎡⎢⎢⎢⎣
λ

1
√

λ
1

√
λ

⎤⎥⎥⎥⎦ . (3.3)

Here λ is the stretch of the centerline with respect to the reference
state. The jet contracts by 1/

√
λ in directions perpendicular to the

centerline due to incompressibility.
Following the three assumptions Hmust take the form

H =

⎡⎢⎢⎣
1 + κ × h · t

κ × h · n 1 −
1
2
κ × h · t

κ × h · b 1 −
1
2
κ × h · t

⎤⎥⎥⎦+o (h) .

(3.4)

Consider two identical vectors parallel to t in the reference state,
one on the centerline, l0, and the other offset byh, lh. In (3.4) κ×h·t
describes the relative compression/stretching of lh relative to the
l0 due to bending, Fig. 1B. The terms κ × h · n and κ × h · b
describe the tilting of lh relative to l0 due to twisting, Fig. 1C. The
first column can be obtained based on Assumption 2 in the same
way as in the elementary beam theory [45]. The isotropic in plane
expansion/contraction of the cross-section, − 1

2κ × h · t, follows
from Assumption 3. It enforces material incompressibility to O (h).
Combining (3.2)–(3.4) we have the expression

F∗ (h) =⎡⎢⎢⎢⎢⎣
λ (1 + κ × h · t)

λκ × h · n
1

√
λ

(
1 −

1
2
κ × h · t

)
λκ × h · b

1
√

λ

(
1 −

1
2
κ × h · t

)
⎤⎥⎥⎥⎥⎦

+ o (h) .

(3.5)

Here F∗ (h) is completely expressed in terms of the deformation of
the centerline, λ, κ, and the offset from the centerline h.

3.3. Choice of centerline

Assumptions 2 and 3 are specific to the choice of the centerline.
One may then ask how the beam model differs if we choose a
different centerline. In the supplementary materials Section 2, we
show that the choice of centerline changes the model at O

(
h2

)
or higher order. Since our beam theory is asymptotic to the O (h)
order, it is independent of the choice of the centerline. For the
asymptotic theory to be valid, we require the difference at O

(
h2

)
level caused by choosing a different centerline is negligible. This
requirement gives our two criteria for a jet to be considered thin:

1. |κ × h| ≪ 1; and
2. ∂λ/∂s |h| ≪ 1.

The first criterion implies weak bending or twisting. The second
criterion implies nearly homogeneous stretching, where λ is the
stretch of the material on the centerline. The second criterion is
required only when the deformation of the beam is dominated by
twisting.

3.4. Velocity gradient

Viscoelasticity is a rate dependent behavior. Rate of deforma-
tion is often described by the velocity gradient [48]. The velocity
gradient is related to the deformation gradient by [48]

L = ḞF−1. (3.6)

Here a dot on top means the material derivative of the quantity.
Using the expression of deformation gradient in the last section,we
obtain the velocity gradient in the local frame as (supplementary
materials Section 3)

L∗ (h) = L∗ (0) + δL∗
+ o (h) . (3.7)

Here L∗ (0) is the O (1) term and δL∗ is the O (h) term, with the
expressions given in Box I. Here u is the velocity of the jet along
the centerline. Eqs. (3.7)–(3.9) completely express L∗ (h) in terms
of geometric quantities of the centerline, ∂u/∂s, κ, ω, and the offset
from the centerline h.
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L∗ (0) =

⎡⎢⎢⎢⎢⎣
∂u
∂s

−
1
2

∂u
∂s

−
1
2

∂u
∂s

⎤⎥⎥⎥⎥⎦ , and (3.8)

δL∗
=

⎡⎢⎢⎢⎢⎢⎢⎣

(
D∗κ

Dt
−

1
2

∂u
∂s

κ

)
× h · t

∂ω

∂s
× h · n −

1
2

(
D∗κ

Dt
−

1
2

∂u
∂s

κ

)
× h · t

∂ω

∂s
× h · b −

1
2

(
D∗κ

Dt
−

1
2

∂u
∂s

κ

)
× h · t

⎤⎥⎥⎥⎥⎥⎥⎦ . (3.9)

Box I. .

4. Constitutive relation of a polymer jet

Section 3 expresses the deformation gradient F and the velocity
gradient L anywhere in the jet basedon the shape andmotionof the
centerline, v, κ, ω. The stress field in the jet can be calculated using
any material model. Since the kinematics has an intrinsic error of
o (h), propagating the error through the material model, the stress
field is expected to have an error of o (h) as well. Once we have the
stress field, the force and torque in the jet can be calculated. Here
we demonstrate this procedure with the Oldroyd-B model [46,47].

4.1. Oldroyd-B viscoelastic model

Polymer jets are made of viscoelastic polymer solutions or
melts. The deformation of the polymer jet can be decomposed into
two parts, the viscous deformation and the elastic deformation.
The viscous deformation corresponds to the sliding between poly-
mer chains without changing the chain configuration. The elastic
deformation corresponds to the stretching of the polymer chain
while keeping the relative position of the polymer chains fixed,
Fig. 2A. The deformation gradient can be decomposed into the
viscous part and the elastic part correspondingly [50],

F = FeFv. (4.1)

An intermediate state is defined as the state where the elastic
energy in the polymer chains in the current state is released [50],
Fig. 2A.

Here we give an original formulation of Oldroyd-B model using
the spring–dashpot diagram in Fig. 2B, with σe, σv, σs represent,
respectively, the elastic stress due to polymer, the viscous stress
due to polymer, and the viscous stress due to solvent. The elastic
stress due to the stretching of polymer chains follows the Neo-
Hookean model,

σe = µ(FeFTe − I). (4.2)

Here µ is the shear modulus, and I is the identity matrix. The vis-
cous stress due to polymer chains sliding apart has the expression

σv = ζFe
(
ḞvF−1

v + F−T
v ḞTv

)
FTe . (4.3)

Here ζ is a constant describing the sliding of the polymer chains.
ḞvF−1

v is the velocity gradient in the intermediate state. Eq. (4.3)
can be viewed as a pushforward of a linear viscous relation from
the intermediate state to the current state. The viscous stress due
to solvent molecules sliding apart follows the Newton’s law of
viscosity,

σs = η
(
ḞF−1

+ F−T ḞT
)
. (4.4)

Here η is the viscosity of the solvent.
According to Fig. 2B, we require

σe = σv. (4.5)

We assumed that the polymer jet is incompressible. The total stress
σ has the expression

σ = σe + σs + pI (4.6)

Here p is a hydrostatic pressure applied on thematerial. (4.2)–(4.6)
defines the Oldroyd-B model.

Oldroyd-B model is frame indifferent, so (4.2)–(4.6) take the
same form in the local frame. Eqs. (4.2)–(4.6) can be simplified to
two equations:

µ
(
B∗

e − I
)

= −ζ

(
D∗B∗

e

Dt
− L∗B∗

e − B∗

eL
∗T

)
, (4.7)

σ∗
= µ

(
B∗

e − I
)
+ η

(
L∗

+ L∗T )
+ pI. (4.8)

Here B∗
e = F∗

eF∗T
e is the left Cauchy–Green tensor of the elastic

deformation in the local frame. D∗B∗
e/Dt = Ḃ∗

e − WB∗
e + B∗

eW. The
right hand side of (4.7) is the upper-convected derivative ofBe [51],
characterizing the changing rate of Be in a frame following the
moving and deforming of material. If we cancel out Be from (4.7)–
(4.8),wewill reach the commonly used formofOldroyd-Bmodel in
terms of the upper-convected derivative of stress (supplementary
materials Section 4).

4.2. The beam model of an Oldroyd-B jet

We obtain the beam model by combining the kinematics in
Section 3.4 and the Oldroyd-B model. Substitute the expression of
L∗ (3.7) into (4.7), one can verify that B∗

e also has an intrinsic error
of o (h) . Expand B∗

e and we get

B∗

e (h) = B∗

e (0) + δB∗

e (h) + o (h) . (4.9)

Here δB∗
e (h) represents the first order term. At the zeroth order,

Oldroyd-B model (4.7) gives

D∗B∗
e (0)
Dt

−L∗ (0)B∗

e (0)−B∗

e (0) L∗T (0) = −
µ

ζ

(
B∗

e (0) − I
)
. (4.10)

Here the left-hand-side is the upper-convected derivative of Be on
the centerline. At the first order, (4.7) yields

D∗δB∗
e

Dt
− L∗ (0) δB∗

e − δB∗

eL
∗T (0) = −

µ

ζ
δB∗

e + δLB∗

e (0) + B∗

e (0) δLT .

(4.11)
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Fig. 2. A. The deformation of a polymer melt or polymer solution can be decomposed into the viscous part and the elastic part. The viscous part consists of the relative
sliding between neighboring polymer chains without deforming the chains. The elastic part consists of stretching the polymer chains while keeping the relative positions of
the chains fixed. B. Representation of the Oldroyd-B model in a spring–dashpot diagram.

Here the left-hand-side is not an upper-convected derivative since
L∗ (0) is evaluated on the centerline but δB∗

e is generally offset from
the centerline.

In general, matrix Eqs. (4.10)–(4.11) are twelve independent
equations for the six components of B∗

e (0) and the six components
of δB∗

e . In practice, material only has finite memory of its loading
history. When all the memory of the reference state is forgotten,
B∗
e (0) and δB∗

e take the following forms:

B∗

e (0) =

⎡⎣ λ2
e∥

λ2
e⊥

λ2
e⊥

⎤⎦ , (4.12)

δB∗

e (h) =

[
β × h · t β × h · n β × h · b
β × h · n χβ × h · t
β × h · b χβ × h · t

]
. (4.13)

Here λ2
e∥, λ

2
e⊥, β, χ are unknowns. λe∥ and λe⊥ are the stretch

of the polymer chain in the direction parallel to the centerline
and perpendicular to the centerline. Note that the stretch of the
polymer chain is generally different from the stretch of the jet
due to the presence of viscous relaxation. β, χ characterize the
gradient of the stretch of the polymer chains across the cross-
section. In this case, (4.10) consists of two equations for λ2

e∥, λ
2
e⊥

and (4.11) consists of four equations for the vector β and the scalar
χ . Eqs. (4.10)–(4.11) can be solved given the material parameters
µ, ζ and the geometric quantities of the centerline, ∂u/∂s, κ, ω.We
assume (4.12) and (4.13) to be true for the rest of the discussion.

As B∗
e (h) is determined through (4.9), (4.12)–(4.13) to O (h),

stress can be determined by the Oldroyd-B model (4.8) to O (h),
with an unknown hydrostatic pressure, p. To determine the hydro-
static pressure, we assume that the surface of the jet is stress-free,
which implies σnn = σbb = 0. Consequently

p = η
∂u
∂s

− µ
(
λ2
e⊥ − 1

)
+

(
η

(
D∗κ

Dt
−

1
2

∂u
∂s

κ

)
− µχβ

)
× h · t + o (h) .

(4.14)

The traction on a cross-section normal to the centerline can now
be calculated. We get

σt =
[

µ
(
λ2
e∥ − λ2

e⊥

)
+ 3η ∂u

∂s

]
+

[ mbend × h · t
mtwist × h · n
mtwist × h · b

]
+ o (h) ,

(4.15)

withmbend = µ (1 − χ) β + 3η
(

D∗κ
Dt −

1
2

∂u
∂s κ

)
andmtwist = µβ +

η ∂ω
∂s .
The traction (4.15) can be integrated to obtain the total force

and torque in the jet. Here it is convenient to locate the centerline
at the centroid of the cross-section so that the integration of odd
order terms of h cancels out. The total force and torque on the
cross-section can be integrated by f =

∫
A σtda and M =

∫
A h ×

(σt) da. Here A is the cross-section area normal to the centerline.
As discussed in Section 3.3, the choice of the centerline is arbitrary,
we locate the centerline at the centroid of the cross-section so that
the integration of odd order terms of h cancels out.

f =

(
µA

(
λ2
e∥ − λ2

e⊥

)
+ 3ηA

∂u
∂s

)
t + o

(
h3) . (4.16)

M =

[ Jtt
Jnn Jnb
Jnb Jbb

][ mtwist · t
mbend · n
mbend · b

]
+ o

(
h4) . (4.17)

Here Jtt =
∫
A h · hda, Jnn =

∫
A (h · b)2 da, Jbb =

∫
A (h · n)2 da, and

Jnb = −
∫
A (h · n) (h · b) da constitutes the tensor of the second

moment of area of the cross-section.

5. Conservation laws

Take a control volume bounded by the surface of the jet and
two cross-sections normal to the centerline located at s and s′. The
conservation of mass requires

∂

∂t

∫
V

ρdV +

∫
A(s′)

(v · t) ρdA −

∫
A(s)

(v · t) ρdA =

∫ s′

s
ṁds. (5.1)

Here ρ is the density of the material. ṁ is the mass exchange per
unit length of the jet, e.g. through the evaporation of the solvent.
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Integrate over the cross-section using the velocity distribution
(S3.10), we get the differential equation

∂ (ρA)

∂t
+

∂

∂s
(uρA) = ṁ. (5.2)

The conservation of momentum requires

∂

∂t

∫
V

ρvdV +

∫
A(s′)

(v · t) ρvdA −

∫
A(s)

(v · t) ρvdA

= f
(
s′
)
− f (s) +

∫
V
qdV .

(5.3)

Here q is the body forces, such as gravity, centrifugal force and
Coriolis force. Locate the centerline locates at the centroid, the
integration of any first order terms over the cross-section vanishes,
we have
∂

∂t
(ρAv) +

∂

∂s
(uρAv) =

∂f
∂s

+ Aq. (5.4)

The conservation of angular momentum requires

∂

∂t

∫
V

(r + h) × ρvdV +

∫
A(s′)

(v · t) (r + h) × ρvdA

−

∫
A(s)

(v · t) (r + h) × ρvdA

=

∫
A(s′)

(r + h) × σtdA −

∫
A(s)

(r + h) × σtdA

+

∫
V

(r + h) × qdV .

(5.5)

Locate the centerline at the centroid, the integration of any first
order terms over the cross-section vanishes, we get

∂

∂t
(r × ρAv)+

∂

∂s
(r × uρAv) = r×

∂f
∂s

+t×f+
∂M
∂s

+r×Aq. (5.6)

Use (5.4) to cancel out the dependence on the absolute position r,
we get

∂

∂t
(ρJ!) +

∂

∂s
(2uρJ! − t (v · ρJ!)) = t × f +

∂M
∂s

. (5.7)

Note that J ∼ O
(
h4

)
, so that t × f is O

(
h4

)
. This is a higher order

term that is not predicted by the material model (4.16).

6. Rotary jet spinning

Rotary jet spinning is a platform that uses centrifugal force
to produce nanofiber. It is praised for its orders-of-magnitude
improvement in production rate comparing to conventional elec-
trospinning [11]. Rotary jet spinning consists of a rapidly rotating
reservoir where polymer solution/polymer melt is fed in [9,10],
Fig. 3. A few orifices are opened on the side of the reservoir. Under
the centrifugal force, the polymer solution is pulled out from an
orifice and form a polymer jet. The polymer jet is elongated and
bended under centrifugal force, Coriolis force, air drag, and gravity.
The elongated polymer jet then solidifies by the evaporation of
the solvent [9], cooling below the melting temperature [14], or
entering a precipitation bath [13]. Previous studies show that the
jet may be acutely bended near the orifice due to a combination
of centrifugal force, Coriolis force, and viscous stress, where a
string model fails to model rotary jet spinning [31]. While the
existing beam model of rotary jet spinning resolves the bending
near the orifice, it only studies viscous jet with no viscoelastic
relaxation [32]. In this section, we use the beam model developed
in previous sections to model the fiber formation in rotary jet
spinning.

Fig. 3. Rotary jet spinning consists of a fast-rotating reservoir with an orifice
opened on the side of the reservoir. The reservoir is fed with polymer dope from
the top. During spinning, polymer jet is ejected from the orifice under centrifugal
force.When gravity is neglected, the trajectory of the jet is confined in then, t plane
in the figure.

For simplicity, we only model the steady state of a jet in ro-
tary jet spinning. Gravity, air-drag, solvent evaporation, and so-
lidification of the jet are neglected. Under these assumptions, a
boundary value problem is formulated using the result derived in
the previous sections (supplementary materials 5). The problem
is governed by five dimensionless groups: the Reynolds number
Re = ρv0r0/ζ characterizing the competition between inertia and
the viscoelasticity in the jet, the Rossby number Ro = v0/Ωr0
characterizing the effect of centrifugal force and Coriolis force,
the Weissenberg number for the polymer part and the solvent
part Wip = ζv0/µr0 and Wis = ηv0/µr0, characterizing the
viscoelastic relaxation in the jet, and the slenderness ratio Sl =

a0/r0, comparing the resistance to the bending of the jet versus the
resistant to the stretching of the jet.

In Fig. 4, we choose our simulation condition to represent com-
mon spinning condition by fixing Re = 1, Ro = 0.1, Wis = 10−2,
Sl = 10−2 [4], and study the effect of the viscoelasticity of the
polymer jet by varying Wip = 0.01, 0.1, 1. When Wip = 0.01,
the viscoelastic relaxation is fast comparing to the time scale of
deforming. The jet behaves like a viscous fluid. When Wip =

1, the viscoelastic relaxation and the time scale of deforming is
comparable. The jet behaves like an elastic solid near the reservoir.

Fig. 4A plots the trajectories of the jets of different Wip. As the
jet becomemore elastic, the jet goes closer around the reservoir. In
fact, a perfectly elastic jet would fall onto a fast rotating reservoir
with Ro < 1 (supplementary material Section 6). Fig. 4B compares
the fiber radius. The highly viscous jet (Wip = 0.01) experiences
constant reduction in radius during the spinning, as the centrifugal
force keeps driving the viscous thinning of the jet. On the other
hand, the highly elastic jet (Wip = 1) resists reduction in radius
in most range of the jet (10−1 < s/r0 < 101), after an abrupt
strongly stretched near the orifice (s/r0 < 10−1). This is because
that the elasticity can withstand a constant stress without thin-
ning out. The localized stretch is where the elastic deformation
happens. In Fig. 4C, we plot the stretch of polymer chains: λchain =√
(λ2

e∥ + 2λ2
e⊥)/3 [52]. The stretch of polymer chains is an indicator
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Fig. 4. A. The trajectory of the jet shows that the more elastic jet (higher Wip) wraps closer around the reservoir. B. The radius of the jet a normalized by the radius of
the orifice a0 shows that the more viscous jet (Wip = 0.01) keeps thinning under centrifugal force while the more elastic jet (Wip = 1) resists the thinning after a finite
deformation near the orifice. C. The stretch of the polymer chain λchain shows that spinning viscous jet (Wip = 0.01) does not align polymer chains while spinning elastic jet
(Wip = 1) accumulates chain alignment. D. The curvature normalized by the radius of the jet show that bending deformation localizes at a small region near the orifice. The
result is also consistent with the criterion of thin jet |κ × h| ≪ 1.

of the microscopic chain alignment, which is desirable in creating
ultra-strong fibers [53] or inducing certain protein folding [54].
Fig. 4C shows that viscous jet (Wip = 0.01) does not induce any
chain stretch as the viscoelastic relaxation is too fast comparing to
the deformation rate. In contrast, the elastic jet (Wip = 1) accumu-
lates chain stretch. In the intermediate case (Wip = 0.1), polymer
chains are stretched initially (s/r0 < 100) when the deformation is
rapid. The chain stretch is gradually lost as the jet flies further away
from the reservoir (s/r0 > 100) when the deformation rate drops.
To probe how the beam bending contributes to the deformation of
the jet, we plot the curvature normalized by the jet radius along the
jet in Fig. 4D. It shows that strong bending deformation localizes
at a small region near the orifice, s/r0 < 0.1. While the jet also
has a finite curvature elsewhere as shown in Fig. 4A, the bending
deformation is negligible due to the great reduction in the jet
radius (see Fig. 4B). To make sure that the model is valid, we need
to satisfy the criteria |κ × h| ≪ 1 and ∂λ/∂s |h| ≪ 1. Since our
jet is free of twisting, the second criterion is dropped. Fig. 4D show
that |κ × h| ≪ 1 is indeed satisfied.

In summary, these simulations show that viscoelasticity
strongly influence the rotary jet spinning process. Themore elastic
jet is better at align polymer chains but is poorer in reducing the
fiber diameter, while the more viscous jet is the converse. It is
important to design the spinning condition to achieve intermediate
viscoelastic relaxation so that small fiber diameter and polymer
chain alignment are achieved at the same time.

7. Conclusion remarks

This paper formulates a first-order beam theory for nonlinear
viscoelastic material. The theory generalizes the classical Euler–
Bernoulli theory to account for finite deformation and material
incompressibility. The kinematics derived is then combined with
the Oldroyd-Bmodel to derive the constitutive equations of a non-
linear viscoelastic beam. The beammodel is then used to study the

viscoelastic relaxation in rotary jet spinning. Our model success-
fully captures the strong bending near the orifice that fails string
models and the highly elastic behavior of the jet that cannot be
modeled by existing beam model. Our theory has potential appli-
cations in many other manufacturing processes involving polymer
jets, such as 3D printing, electro-spinning, and blow spinning.
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Supplementary materials 

1. Kinematic relations 

 𝐭𝐭 and 𝐯𝐯, or 𝛋𝛋 and 𝛚𝛚 are kinematically related. Denote the axial velocity as 𝑢𝑢 = 𝐯𝐯 ⋅ 𝐭𝐭. The material 

derivative has the expression 

 

 

𝐷𝐷
𝐷𝐷𝐷𝐷

=
𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕
𝜕𝜕𝜕𝜕

. (S1.1) 

Exchange the sequence of taking 𝜕𝜕 𝜕𝜕𝜕𝜕⁄  and  𝜕𝜕 𝜕𝜕𝜕𝜕⁄  in (2.1-2.4), we have: 

 

 

𝜕𝜕𝐯𝐯
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝐭𝐭 + 𝛚𝛚 × 𝐭𝐭, (S1.2) 

 

 

𝜕𝜕𝛚𝛚
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝛋𝛋 +
𝐷𝐷𝛋𝛋
𝐷𝐷𝐷𝐷

− 𝛚𝛚 × 𝛋𝛋. (S1.3) 

Equation (S1.2) says that the velocity gradient along the centerline consists of two parts: the acceleration 

along the jet (𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄ 𝐭𝐭) and the rotation of the material (𝛚𝛚 × 𝐭𝐭). Equation (S1.3) says that the gradient of 

the angular velocity along the centerline consists of two parts: acceleration while traveling through a bend 

(𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄ 𝛋𝛋) and bending of the material element (𝐷𝐷𝛋𝛋 𝐷𝐷𝐷𝐷⁄ − 𝛚𝛚 × 𝛋𝛋). At steady state, 𝜕𝜕 𝜕𝜕𝜕𝜕⁄ = 0.We have 𝐭𝐭 

and 𝐯𝐯 in the same direction, so are 𝛋𝛋 and 𝛚𝛚. Equations (S1.2-S1.3) are replaced by the simple relations: 

 

 
𝐯𝐯 = 𝑢𝑢𝐭𝐭. (S1.4) 

 

 
𝛚𝛚 = 𝑢𝑢𝛋𝛋. (S1.5) 
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2. Choice of centerline 

 Imagine a centerline that is shifted by 𝐝𝐝~𝑂𝑂(ℎ) from the original centerline in the 𝐧𝐧,𝐛𝐛 plane. We 

can formulate a new beam theory using the new centerline based on our assumptions. According to the 

original theory, the deformation gradient at the new centerline 𝟎𝟎′ = 𝐝𝐝 + 𝟎𝟎 is, using (3.5), 

 

 
𝐅𝐅∗(𝟎𝟎′) =

⎣
⎢
⎢
⎢
⎢
⎡𝜆𝜆

(1 + 𝛋𝛋 × 𝐝𝐝 ⋅ 𝐭𝐭)
1
√𝜆𝜆

𝛋𝛋 × 𝐝𝐝 ⋅ 𝐧𝐧
1
√𝜆𝜆

�1−
1
2
𝛋𝛋 × 𝐝𝐝 ⋅ 𝐭𝐭�

1
√𝜆𝜆

𝛋𝛋 × 𝐝𝐝 ⋅ 𝐛𝐛
1
√𝜆𝜆

�1 −
1
2
𝛋𝛋 × 𝐝𝐝 ⋅ 𝐭𝐭�

⎦
⎥
⎥
⎥
⎥
⎤

+ 𝑜𝑜(ℎ). (S2.1) 

Note that the first column is a vector tangent to the new centerline. The 1
√𝜆𝜆
𝛋𝛋 × 𝐝𝐝 ⋅ 𝐧𝐧 and 1

√𝜆𝜆
𝛋𝛋 × 𝐝𝐝 ⋅ 𝐛𝐛 

terms indicate the tilting of the new centerline relative to the original cross-section. The new 𝐧𝐧,𝐛𝐛 cross-

section is also tilted relative to the original cross-section. Consider an offset 𝐡𝐡′ in the new cross-section, 

we have the transformation, Fig.S1, 

 

 
𝐡𝐡′ = 𝐡𝐡 − 𝐝𝐝 −

1
𝜆𝜆3 2⁄

𝛋𝛋 × 𝐝𝐝 ⋅ 𝐡𝐡
1 + 𝛋𝛋 × 𝐝𝐝 ⋅ 𝐭𝐭

𝐭𝐭. (S2.2) 

Here 𝐡𝐡 represents the offset in the original cross-section. The last term is a shift along the original 

centerline. Denote the deformation gradient in the new theory as 𝐅𝐅′(𝐡𝐡′). Using the original theory, we 

have 

 

 
𝐅𝐅′(𝐡𝐡′) = 𝐅𝐅∗(𝐡𝐡) −�

𝜕𝜕𝐅𝐅∗(𝐡𝐡)
𝜕𝜕𝜕𝜕

𝑠𝑠1

𝑠𝑠0
𝑑𝑑𝑑𝑑 + 𝑜𝑜(ℎ) (S2.3) 

Here 𝑠𝑠0 is the location of the original cross-section on the centerline. 𝑠𝑠1 = 𝑠𝑠0 −
1

𝜆𝜆3 2⁄
𝛋𝛋×𝐝𝐝⋅𝐡𝐡
1+𝛋𝛋×𝐝𝐝⋅𝐭𝐭

. To the 𝑂𝑂(ℎ) 

order we have  
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𝐅𝐅′(𝐡𝐡′) =

⎣
⎢
⎢
⎢
⎢
⎡𝜆𝜆

(1 + 𝛋𝛋 × 𝐡𝐡′ ⋅ 𝐭𝐭)

𝜆𝜆𝛋𝛋 × 𝐡𝐡′ ⋅ 𝐧𝐧
1
√𝜆𝜆

�1 −
1
2
𝛋𝛋 × 𝐡𝐡′ ⋅ 𝐭𝐭�

𝜆𝜆𝛋𝛋× 𝐡𝐡′ ⋅ 𝐛𝐛
1
√𝜆𝜆

�1 −
1
2
𝛋𝛋 × 𝐡𝐡′ ⋅ 𝐭𝐭�

⎦
⎥
⎥
⎥
⎥
⎤

+ 𝑜𝑜(ℎ). (S2.4) 

This is identical to (3.5). Consequently, the choice of the centerline is unimportant for the first order 

theory. To ensure the difference between (S2.4) and (3.5) is indeed small, we look at the difference at 

𝑂𝑂(ℎ2) order, which gives 

 

 
𝑂𝑂(ℎ2) = 𝑂𝑂(|𝛋𝛋 × 𝐡𝐡|2) −

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

⎣
⎢
⎢
⎢
⎢
⎡

1
𝜆𝜆3 2⁄ 𝛋𝛋 × 𝐝𝐝 ⋅ 𝐡𝐡

−
1
2

1
𝜆𝜆3

 𝛋𝛋 × 𝐝𝐝 ⋅ 𝐡𝐡

−
1
2

1
𝜆𝜆3

 𝛋𝛋 × 𝐝𝐝 ⋅ 𝐡𝐡⎦
⎥
⎥
⎥
⎥
⎤

. (S2.5) 

To make sure (S2.5) is negligible comparing to (S2.4) we need: 

1. |𝛋𝛋 × 𝐡𝐡| ≪ 1; and 

2.  𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄ |𝐡𝐡| ≪ 1.  

These are our criteria for a jet to be considered thin. Note that the second criterion is only necessary if the 

deformation of the jet is dominated by twisting, since otherwise  𝛋𝛋 × 𝐝𝐝 ⋅ 𝐡𝐡 ≪ 𝛋𝛋 × 𝐝𝐝 ⋅ 𝐭𝐭 and the second 

term in (S2.5) is negligible. 
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Figure S1. Consider a new centerline that is offset by 𝐝𝐝 from the original centerline, the cross-section 

normal to the new centerline may be tilted from the cross-section normal to the original centerline. An 

offset 𝐡𝐡′ in the new cross-section then can be decomposed into an offset in the original cross-section 𝐡𝐡, 

and a shift along the original centerline. 

 

3. Derivation of the velocity gradient 

 We obtain the velocity gradient in the local frame by substituting (3.1) into (3.6), which gives 

 

 
𝐋𝐋 = 𝐖𝐖 + 𝐑𝐑𝐋𝐋∗𝐑𝐑−1. (S3.1) 

Here 𝐖𝐖 = 𝐑̇𝐑𝐑𝐑−1 is the rotation rate of the local frame and 𝐋𝐋∗ = 𝐅̇𝐅∗𝐅𝐅∗−1 is the velocity gradient in the 

local frame. The rotation rate of the local frame 𝐖𝐖 is characterized by the angular velocity vector 𝛚𝛚, 

which in the matrix form is 

 

 
𝐖𝐖 = �

−𝜔𝜔𝑏𝑏 𝜔𝜔𝑛𝑛
𝜔𝜔𝑏𝑏 −𝜔𝜔𝑡𝑡
−𝜔𝜔𝑛𝑛 𝜔𝜔𝑡𝑡

�. (S3.2) 

To get the velocity gradient in the local frame, we substitute (3.2) into 𝐋𝐋∗ = 𝐅̇𝐅∗𝐅𝐅∗−1 and get 

 

 
𝐋𝐋∗(𝐡𝐡) = 𝐇𝐇𝐋𝐋∗(𝟎𝟎)𝐇𝐇−1 + 𝐇̇𝐇𝐇𝐇−1. (S3.3) 

For the first term on the right-hand-side, we can easily write out 𝐋𝐋∗(𝟎𝟎) = 𝐅̇𝐅∗(𝟎𝟎)𝐅𝐅∗−1(𝟎𝟎) using (3.3). Since 

𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄ = 𝜆̇𝜆/𝜆𝜆, we have 

 

 
𝐋𝐋∗(𝟎𝟎) =

⎣
⎢
⎢
⎢
⎢
⎡
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

−
1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

−
1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕⎦
⎥
⎥
⎥
⎥
⎤

. (S3.4) 
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Here 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄  is the stretching rate on the centerline, and −1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 represents the decreasing in the cross-

section area perpendicular to the centerline as required by material incompressibility.  

 We need an expression for 𝐇̇𝐇 to write out the second term on the right-hand-side of (S3.3). We 

first decompose 𝐇̇𝐇 into the change in the local frame, 𝐷𝐷∗𝐇𝐇 𝐷𝐷𝐷𝐷⁄ , and the change due to the rotation of the 

local frame. Here 𝐷𝐷∗𝐇𝐇 𝐷𝐷𝐷𝐷⁄  is known as corotation derivative in continuum mechanics and has the 

expression [1] 

 

 
𝐇̇𝐇 =

𝐷𝐷∗𝐇𝐇
𝐷𝐷𝐷𝐷

+ 𝐖𝐖𝐖𝐖+ 𝐇𝐇𝐖𝐖𝑇𝑇 . (S3.5) 

Since the basis vectors 𝐭𝐭,𝐧𝐧,𝐛𝐛 remain constant under 𝐷𝐷∗ 𝐷𝐷𝐷𝐷⁄ . From (3.4) we have 

 

 

𝐷𝐷∗𝐇𝐇
𝐷𝐷𝐷𝐷

=

⎣
⎢
⎢
⎢
⎢
⎡
𝐷𝐷∗

𝐷𝐷𝐷𝐷
(𝛋𝛋 × 𝐡𝐡) ⋅ 𝐭𝐭

𝐷𝐷∗

𝐷𝐷𝐷𝐷
(𝛋𝛋 × 𝐡𝐡) ⋅ 𝐧𝐧 −

1
2
𝐷𝐷∗

𝐷𝐷𝐷𝐷
(𝛋𝛋 × 𝐡𝐡) ⋅ 𝐭𝐭

𝐷𝐷∗

𝐷𝐷𝐷𝐷
(𝛋𝛋 × 𝐡𝐡) ⋅ 𝐛𝐛 −

1
2
𝐷𝐷∗

𝐷𝐷𝐷𝐷
(𝛋𝛋 × 𝐡𝐡) ⋅ 𝐭𝐭⎦

⎥
⎥
⎥
⎥
⎤

+ 𝑜𝑜(ℎ), (S3.6) 

with 

 

 

𝐷𝐷∗𝛋𝛋
𝐷𝐷𝐷𝐷

=
𝐷𝐷𝛋𝛋
𝐷𝐷𝐷𝐷

− 𝛚𝛚 × 𝛋𝛋, (S3.7) 

 

 

𝐷𝐷∗𝐡𝐡
𝐷𝐷𝐷𝐷

= 𝐯𝐯(𝐡𝐡) − 𝐯𝐯 −𝛚𝛚 × 𝐡𝐡. (S3.8) 

Equations (S3.7-S3.8) simply take the rotation of the 𝐭𝐭,𝐧𝐧,𝐛𝐛 frame out from the material derivative of 𝛋𝛋 

and 𝐡𝐡. Here 𝐯𝐯(𝐡𝐡) is the velocity of the material point at 𝐡𝐡, and 𝐯𝐯 is the velocity on the centerline. By 

definition 𝐯𝐯(𝐡𝐡) can be integrated from the velocity gradient, which gives 

 

 
𝐯𝐯(𝐡𝐡) = 𝐯𝐯 + � 𝐋𝐋d𝐡𝐡

𝐡𝐡

𝟎𝟎
. (S3.9) 

Since 𝐋𝐋 also depends on 𝐯𝐯(𝐡𝐡) through equation (S3.8), equation (S3.9) is an integral equation of 𝐯𝐯(𝐡𝐡). It 

is easy to verify that 
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𝐯𝐯(𝐡𝐡) = 𝐯𝐯 + 𝛚𝛚 × 𝐡𝐡 −

1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝐡𝐡 + 𝑜𝑜(ℎ). (S3.10) 

Now we can cancel out 𝐯𝐯(𝐡𝐡) from (S3.8) using (S3.10), which gives 

 

 

𝐷𝐷∗𝐡𝐡
𝐷𝐷𝐷𝐷

= −
1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝐡𝐡 + 𝑜𝑜(ℎ). (S3.11) 

Substituting (S3.7) and (S3.11) into equation (S3.6) yields the full expression of 𝐇̇𝐇, which allows us to 

write out 𝐋𝐋∗ by (S3.3). 

 

4. Common form of the Oldroyd-B model 

Introduce the short notation for upper-convected derivative 

 

 
𝐁𝐁𝑒𝑒∗

𝛁𝛁 =
𝐷𝐷∗𝐁𝐁𝑒𝑒∗

𝐷𝐷𝐷𝐷
− 𝐋𝐋∗𝐁𝐁𝑒𝑒∗ − 𝐁𝐁𝑒𝑒∗𝐋𝐋∗𝑇𝑇 . (S4.1) 

Define the deformation rate by 

 

 
𝐃𝐃∗ =

1
2

(𝐋𝐋∗ + 𝐋𝐋∗𝑇𝑇). (S4.2) 

Define the deviatoric stress by 

 

 
𝛕𝛕∗ = 𝛔𝛔∗ − 𝑝𝑝𝐈𝐈. (S4.3) 

We can then rewrite (4.7-4.8) as: 

 

 
𝜇𝜇(𝐁𝐁𝑒𝑒∗ − 𝐈𝐈) = −𝜁𝜁𝐁𝐁𝑒𝑒∗

𝛁𝛁, (S4.4) 

 

 
𝛕𝛕∗ = 𝜇𝜇(𝐁𝐁𝑒𝑒∗ − 𝐈𝐈) + 2𝜂𝜂𝐃𝐃∗. (S4.5) 

Cancel out 𝐁𝐁𝑒𝑒∗ from the above two equations, we get 
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𝛕𝛕∗ +

𝜁𝜁
𝜇𝜇
𝛕𝛕∗𝛁𝛁 = 2𝜂𝜂𝐃𝐃∗ + 2

𝜂𝜂𝜂𝜂
𝜇𝜇
𝐃𝐃∗𝛁𝛁 − 𝜁𝜁𝐈𝐈𝛁𝛁. (S4.6) 

Note that by definition (S4.1) and (S4.2), we have 

 

 
𝐈𝐈𝛁𝛁 = −𝐋𝐋∗ − 𝐋𝐋∗𝑇𝑇 = −2𝐃𝐃. (S4.7) 

Plug (S4.7) into (S4.6) we get 

 

 
𝛕𝛕∗ +

𝜁𝜁
𝜇𝜇
𝛕𝛕∗𝛁𝛁 = 2(𝜂𝜂 + 𝜁𝜁) �𝐃𝐃∗ +

𝜂𝜂𝜂𝜂
𝜇𝜇(𝜂𝜂 + 𝜁𝜁)𝐃𝐃

∗𝛁𝛁�. (S4.6) 

Define relaxation times 𝜆𝜆1 = 𝜁𝜁/𝑢𝑢 and 𝜆𝜆2 = 𝜆𝜆1𝜂𝜂/(𝜂𝜂 + 𝜁𝜁), (S4.6) assumes the common form appeared in 

rheology textbooks [2]: 

 

 
𝛕𝛕∗ + 𝜆𝜆1𝛕𝛕∗

𝛁𝛁 = 2(𝜂𝜂 + 𝜁𝜁)�𝐃𝐃∗ + 𝜆𝜆2𝐃𝐃∗
𝛁𝛁�. (S4.7) 

We have avoided this common form of the Oldroyd-B model since the upper-convected derivative of 

stress would cause unnecessary complexity when integrating for the total force and the total torque in the 

jet. 

 

5. Modeling the rotary jet spinning 

 For simplicity, we only model the steady state of a jet in rotary jet spinning. Gravity, air-drag, 

solvent evaporation, and solidification of the jet are neglected. Under these assumption, the mass 

conservation (5.2) simplifies to 

 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌𝜌𝜌) = 0. (S5.1) 

Assume the volume flow rate through the orifice to be 𝑄𝑄. Equation (S5.1) can be trivially integrated to 

obtain 
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𝐴𝐴𝐴𝐴 = 𝑄𝑄. (S5.2) 

 Note that the local frame is rotating with the reservoir, the momentum balance (5.4) in the local 

frame becomes 

 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑢𝑢𝑢𝑢𝑢𝑢𝐯𝐯) =
𝜕𝜕𝐟𝐟
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝜌𝜌𝛀𝛀 × (𝛀𝛀× 𝐫𝐫) − 2𝜌𝜌𝜌𝜌𝛀𝛀 × 𝐯𝐯. (S5.3) 

Here we locate the origin of the lab frame at the center of the reservoir so that 𝐫𝐫 as defined in section 1 is 

the distance from the center of the reservoir. 𝛀𝛀 is the rotation rate of the reservoir. 𝜌𝜌𝜌𝜌𝛀𝛀 × (𝛀𝛀× 𝐫𝐫) is the 

centrifugal force. 2𝜌𝜌𝜌𝜌𝛀𝛀× 𝐯𝐯 is the Coriolis force. At steady state the angular momentum balance (5.7) 

simplifies to 

 

 
𝑢𝑢
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝐉𝐉𝐉𝐉) +
𝜕𝜕
𝜕𝜕𝜕𝜕 �

2𝑢𝑢𝑢𝑢𝐉𝐉(𝛀𝛀+ 𝛚𝛚)� = 𝐭𝐭 × 𝐟𝐟 +
𝜕𝜕𝐌𝐌
𝜕𝜕𝜕𝜕

. (S5.4) 

 In practice the jet exits the orifice perpendicular to the rotation axis [3]. With gravity neglected, 

the jet stays in a 2D plane perpendicular to the rotation axis. If we choose the local bases such that 𝐛𝐛 is in 

the direction of 𝛀𝛀, 𝐭𝐭 is tangent to the jet, 𝐧𝐧 = 𝐛𝐛 × 𝐭𝐭 is normal to the jet, then the jet only moves in the 𝐭𝐭,𝐧𝐧 

plane, Fig.3A, and (S5.3-S5.4) consist of three equations: 

 

 
𝜌𝜌𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝑓𝑓𝑡𝑡
𝜕𝜕𝜕𝜕

− 𝑓𝑓𝑛𝑛𝜅𝜅 + 𝜌𝜌𝜌𝜌Ω2𝑟𝑟cos𝜃𝜃, (S5.5) 

 

 
𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 =

𝜕𝜕𝑓𝑓𝑛𝑛
𝜕𝜕𝜕𝜕

+ 𝑓𝑓𝑡𝑡𝜅𝜅 + 𝜌𝜌𝜌𝜌Ω2𝑟𝑟sin𝜃𝜃 − 2𝜌𝜌𝜌𝜌Ω𝑢𝑢, and (S5.6) 

 

 

𝜕𝜕
𝜕𝜕𝜕𝜕 �

2𝑢𝑢𝑢𝑢𝐽𝐽𝑏𝑏𝑏𝑏(Ω + 𝜔𝜔)� = 𝑓𝑓𝑛𝑛 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

. (S5.7) 

Here Ω,𝜔𝜔, 𝜅𝜅,𝑀𝑀 are all in the 𝐛𝐛 direction. 𝜃𝜃 is the angle between 𝐭𝐭 and 𝐑𝐑. 

 For the stretch of the polymer chains, the evolution equation (4.10) becomes 



9 
 

 

 
2𝑢𝑢

𝜕𝜕𝜆𝜆𝑒𝑒∥
𝜕𝜕𝜕𝜕

− 2𝜆𝜆𝑒𝑒∥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝜇𝜇
𝜁𝜁 �

𝜆𝜆𝑒𝑒∥ −
1
𝜆𝜆𝑒𝑒∥

� , and (S5.8) 

 

 
2𝑢𝑢

𝜕𝜕𝜆𝜆𝑒𝑒⊥
𝜕𝜕𝜕𝜕

+ 𝜆𝜆𝑒𝑒⊥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝜇𝜇
𝜁𝜁
�𝜆𝜆𝑒𝑒⊥ −

1
𝜆𝜆𝑒𝑒⊥

�. (S5.9) 

For the gradient of the stretch of the polymer chains across the cross-section, since the jet only moves in 

the 𝐭𝐭,𝐧𝐧 plane, in (4.13) 𝛃𝛃 = 𝛽𝛽𝑏𝑏𝐛𝐛. Then (4.11) becomes 

 

 
𝑢𝑢
𝜕𝜕𝛽𝛽𝑏𝑏
𝜕𝜕𝜕𝜕

−
5
2
𝛽𝛽𝑏𝑏
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝜇𝜇
𝜁𝜁
𝛽𝛽𝑏𝑏 + �2𝑢𝑢

𝜕𝜕𝜅𝜅𝑏𝑏
𝜕𝜕𝜕𝜕

− 𝜅𝜅
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� 𝜆𝜆∥2, and (S5.10) 

 

 
𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝛽𝛽𝑏𝑏 + 𝑢𝑢𝑢𝑢
𝜕𝜕𝛿𝛿𝑏𝑏
𝜕𝜕𝜕𝜕

+
1
2
𝜒𝜒𝛽𝛽𝑏𝑏

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝜇𝜇
𝜁𝜁
𝜒𝜒𝛽𝛽𝑏𝑏 − �𝑢𝑢

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

−
𝜅𝜅
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� 𝜆𝜆⊥2 . (S5.11) 

The total force in the jet, according to (4.16), is 

 

 
𝑓𝑓𝑡𝑡 = 𝜇𝜇𝜇𝜇�𝜆𝜆𝑒𝑒∥2 − 𝜆𝜆𝑒𝑒⊥2 � + 3𝜂𝜂𝜂𝜂

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

. (S5.12) 

As mentioned earlier, 𝑓𝑓𝑛𝑛 is of higher order and is not predicted by the constitutive relation. The torque in 

the jet, according to (4.17), is 

 

 
𝑀𝑀 = 𝐽𝐽𝑏𝑏𝑏𝑏𝜇𝜇(1 − 𝜒𝜒)𝛽𝛽𝑏𝑏 + 3𝐽𝐽𝑏𝑏𝑏𝑏𝜂𝜂 �𝑢𝑢

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

−
𝜅𝜅
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�. (S5.13) 

 The governing equations are closed by the steady state kinematic condition (S1.5): 𝜔𝜔 = 𝑢𝑢𝑢𝑢, 

which says that the rotation of the material (𝜔𝜔) is solely caused by traveling (𝑢𝑢) along a curve (𝜅𝜅), and the 

assumption of circular cross-section: 𝐴𝐴 = 𝜋𝜋𝑎𝑎2 and 𝐽𝐽𝑏𝑏𝑏𝑏 = 𝜋𝜋𝑎𝑎4/4, where 𝑎𝑎 is the radius of the jet. 

 As the boundary conditions, we specify the initial velocity of the jet 𝑣𝑣0 at the orifice and the 

volumetric flow rate 𝑄𝑄. The velocity is assumed to be normal to the orifice. The initial radius of the jet is 

then determined by 𝑎𝑎0 = �𝑄𝑄/𝜋𝜋𝜋𝜋0. The distance from the orifice to the center of the reservoir is the 

radius of the reservoir 𝑟𝑟0. We assume that the jet has no bending at the orifice: 𝛿𝛿𝑏𝑏 ,𝜒𝜒, 𝜅𝜅 vanish. We assume 
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that the jet is at steady state stretching at the orifice: 𝜕𝜕𝜆𝜆∥ 𝜕𝜕𝜕𝜕⁄  and 𝜕𝜕𝜆𝜆⊥ 𝜕𝜕𝜕𝜕⁄  vanish. We assume that the jet 

is stress-free at the downstream end: 𝑓𝑓𝑡𝑡,𝑓𝑓𝑛𝑛,𝑀𝑀𝑏𝑏 vanish. Since we simulate for a fixed arc-length of the jet, 

the stress-free boundary condition downstream does not correspond to the free-moving end of the jet. 

Instead, it approximates the point where the stress has been fully relaxed. Since our material only has 

finite memory of the loading history, this approximation has negligible effect on the trajectory far away 

from the downstream end. To exclude the effect of jet length on our study, we simulate for a very long jet 

(arc length range 𝑠𝑠 ∈ [0,100𝑟𝑟0]) but only plot the solution for a relatively short range 𝑠𝑠 ∈ [0,10𝑟𝑟0].  

 The problem is governed by five dimensionless groups: the Reynolds number 𝑅𝑅𝑅𝑅 = 𝜌𝜌𝑣𝑣0𝑟𝑟0/𝜁𝜁  

characterizing the competition between inertia and the viscoelasticity in the jet, the Rossby number 𝑅𝑅𝑅𝑅 =

𝑣𝑣0/Ω𝑟𝑟0 characterizing the effect of centrifugal force and Coriolis force, the Weissenberg number for the 

polymer part and the solvent part 𝑊𝑊𝑊𝑊𝑝𝑝 = 𝜁𝜁𝑣𝑣0/𝜇𝜇𝑟𝑟0 and 𝑊𝑊𝑊𝑊𝑠𝑠 = 𝜂𝜂𝑣𝑣0/𝜇𝜇𝑟𝑟0 , characterizing the viscoelastic 

relaxation in the jet, and the slenderness ratio 𝑆𝑆𝑆𝑆 = 𝑎𝑎0/𝑟𝑟0, comparing the resistance to the bending of the 

jet versus the resistant to the stretching of the jet.  

 We solve the system of ordinary differential equations in Matlab using the function bvp4c. We 

choose our simulation condition to represent common spinning condition by fixing 𝑅𝑅𝑅𝑅 = 1, 𝑅𝑅𝑅𝑅 = 0.1,  

𝑊𝑊𝑊𝑊𝑠𝑠 = 10−2,  𝑆𝑆𝑆𝑆 = 10−2 [4]. We study the effect of the viscoelasticity of the polymer jet by varying 

𝑊𝑊𝑊𝑊𝑝𝑝 = 0.01, 0.1, 1 in Fig.4.  

 

6. Steady state of an eventually elastic jet  

 Consider an eventually elastic jet at its steady state. Here by “eventually elastic” we mean that 

although the jet may show short time viscoelastic behavior, given long enough relaxation time, the jet will 

eventually relax to an elastic deformation. Since elasticity propagates tension all the way through the jet, 

the only way that an elastic jet can be at steady state is that when certain amount of material comes out 
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from the orifice, the same amount of materials becomes stress-free at the free-moving end of the jet, and 

the part of the jet with tension remains constant. Over time, there will be an infinite amount of stress-free 

jet accumulated. In this section we focus on the study of this stress-free region of the jet. 

 Put stress-free condition into the momentum balance equations (S5.5-S5.6), we get 

 

 
𝜌𝜌𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜌𝜌𝜌𝜌Ω2𝑟𝑟cos𝜃𝜃, (S6.1) 

 

 
𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 = 𝜌𝜌𝜌𝜌Ω2𝑟𝑟sin𝜃𝜃 − 2𝜌𝜌𝜌𝜌Ω𝑢𝑢. (S6.2) 

Note that a perfect elastic jet implies 𝑢𝑢 = 𝑣𝑣0  and 𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕 = 0  at stress-free state. Then (S6.1) gives 

cos𝜃𝜃 = 0, which means that the stress-free jet forms a circular ring. We can visualize the trajectory of an 

elastic jet in Fig.S2. The circular shape implies 𝜅𝜅 = 1/𝑟𝑟. Consequently, (S6.2) becomes 

 

 

𝑣𝑣02

𝑟𝑟
= Ω2𝑟𝑟 − 2Ω𝑣𝑣0. (S6.3) 

This equation has a unique solution 𝑟𝑟𝑒𝑒𝑛𝑛𝑛𝑛 = 𝑣𝑣0/Ω. This solution means that the ring is motionless if 

viewed in the lab frame not rotating with the reservoir. Recall the definition of the Rossby number 𝑅𝑅𝑅𝑅 =

𝑣𝑣0/Ω𝑟𝑟0. When 𝑅𝑅𝑅𝑅 < 1, we have 𝑟𝑟𝑒𝑒𝑒𝑒𝑒𝑒 < 𝑟𝑟0, which means that the jet would fall onto the reservoir. In fact, 

falling of jet onto fast rotating reservoir has previously been observed in experiment [5]. 
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Figure S2. The trajectory of an eventually elastic jet at the steady state consists of two parts: a transitional 

region with varying tension along the jet, and a stress-free region that collapses onto a thick ring. The 

transition region may have a complex trajectory depending on the possible viscoelastic property of the jet. 

7. List of symbols  

Notation list 

𝑂𝑂(ℎ) Any term that is first order in 𝐡𝐡 in an asymptotic expansion 

𝑜𝑜(ℎ) Any term that is higher than first order in 𝐡𝐡 in an asymptotic expansion 

𝛿𝛿( ) The 𝑂𝑂(ℎ) order terms of a variable in an asymptotic expansion 

( )∗ Variable in the local frame 

𝐷𝐷∗

𝐷𝐷𝐷𝐷
 

Material derivative in the local frame 

Variable list (in alphabetic order, Latin followed by Greek)  

𝑎𝑎 The radius of the jet 

𝑎𝑎0 The radius of the orifice 

𝐴𝐴 Cross-section area of the jet 

𝐛𝐛 One of the basis vectors of the local frame, with the definition 𝐛𝐛 = 𝐭𝐭 × 𝐧𝐧. 

𝐁𝐁𝑒𝑒 Left Cauchy-Green tensor of the elastic deformation, with the definition 𝐁𝐁𝑒𝑒 = 𝐅𝐅𝑒𝑒𝐅𝐅𝑒𝑒𝑇𝑇 

𝐟𝐟 Traction force on a cross-section of the jet, where 𝑓𝑓𝑡𝑡 = 𝐟𝐟 ⋅ 𝐭𝐭, 𝑓𝑓𝑛𝑛 = 𝐟𝐟 ⋅ 𝐧𝐧 in section S4 

𝐅𝐅 Deformation gradient 

𝐅𝐅𝑒𝑒 Elastic part of the deformation gradient 

𝐅𝐅𝑣𝑣 Viscous part of the deformation gradient 

𝐇𝐇 Deformation gradient relative to the center line 

𝐡𝐡 An offset vector in the cross-section from the centerline, with ℎ = |𝐡𝐡| 

𝐈𝐈 Identity matrix 

𝐉𝐉 Matrix of the second moment of area of the jet cross-section, with components 
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𝐽𝐽𝑡𝑡𝑡𝑡, 𝐽𝐽𝑛𝑛𝑛𝑛, 𝐽𝐽𝑛𝑛𝑛𝑛 , 𝐽𝐽𝑏𝑏𝑏𝑏 

𝐋𝐋 Velocity gradient 𝐋𝐋 = 𝐅̇𝐅𝐅𝐅−1 

𝑚̇𝑚 Mass exchange per unit length of the jet 

𝐦𝐦𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 Shorthand for 𝐦𝐦𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝜇𝜇(1 − 𝜒𝜒)𝛅𝛅 + 3𝜂𝜂 �𝐷𝐷
∗𝛋𝛋
𝐷𝐷𝐷𝐷

− 1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝛋𝛋�  

𝐦𝐦𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  Shorthand for 𝐦𝐦𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝜇𝜇𝛅𝛅 + 𝜂𝜂 𝜕𝜕𝛚𝛚
𝜕𝜕𝜕𝜕

 

𝐌𝐌 Torque on a cross-section of the jet, where 𝐌𝐌 = 𝑀𝑀𝐛𝐛 in section S4 

𝐧𝐧 A normal vector of the centerline 

𝑝𝑝 Hydrostatic pressure experienced by the viscoelastic material 

𝐪𝐪 Body force experienced by the jet 

𝑄𝑄 Volumetric flow rate through the orifice 

𝐫𝐫 Location of the jet as defined by material points on the centerline 

𝑟𝑟0 The radius of the reservoir 

𝐑𝐑 Rotation matrix that transforms between the lab frame and the local frame 

𝑠𝑠 Arc length along the centerline from the orifice 

𝑡𝑡 Time 

𝐭𝐭 Tangent vector of the centerline 

𝑢𝑢 Velocity of the jet along the centerline, 𝑢𝑢 = 𝐯𝐯 ⋅ 𝐭𝐭 

𝐯𝐯 Velocity of the jet 

𝐖𝐖 Rotation rate of the local frame relative to the lab frame, 𝐖𝐖 = 𝐑̇𝐑𝐑𝐑−1 

𝛃𝛃 A vector introduced to define the first order asymptotic terms of 𝐁𝐁𝑒𝑒 

𝜁𝜁 Viscosity due to polymer chains sliding apart 

𝜂𝜂 Viscosity due to solvent molecules sliding apart 

𝜃𝜃 Angel between the centrifugal force and the tangent vector 𝐭𝐭 

𝛋𝛋 Curvature vector of the centerline of the jet, where 𝛋𝛋 = 𝜅𝜅𝐛𝐛 in section S4 
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𝜆𝜆 Stretch of the material on the centerline relative to the reference state 

𝜆𝜆𝑒𝑒∥, 𝜆𝜆𝑒𝑒⊥  Components of the zeroth order asymptotic terms of 𝐁𝐁𝑒𝑒 

𝜇𝜇 Elastic modulus of the stretching of polymer chains 

𝜌𝜌 Density of the polymer solution 

𝛔𝛔 Stress tensor 

𝛔𝛔𝑒𝑒 Stress due to the elastic deformation of the polymer chains 

𝛔𝛔𝑠𝑠 Stress due to the deformation of solvent  

𝛔𝛔𝑣𝑣 Stress due to the viscous deformation of the polymer chains 

𝜒𝜒 A variable introduced to define the first order asymptotic terms of 𝐁𝐁𝑒𝑒 

𝛚𝛚 Angular velocity on the centerline of the jet, where 𝛚𝛚 = 𝜔𝜔𝐛𝐛 in section S4 

𝛀𝛀 The rotation vector of the reservoir, with the assumption 𝛀𝛀 = Ω𝐛𝐛 
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